We survey results on infinitesimal deformations ("Jacobi fields") of harmonic maps, concentrating on (i) when they are integrable, i.e., arise from genuine deformations, and what this tells us, (ii) their relation with harmonic morphisms -maps which preserve Laplace's equation.
Introduction
Harmonic maps are mappings between Riemannian manifolds which extremize a natural energy functional. They have been studied for many years in differential geometry, and in particle physics as nonlinear sigma models. We shall report on recent progress in understanding their infinitesimal deformations, the so-called Jacobi fields. It is important to know whether the Jacobi fields along harmonic maps between given Riemannian manifolds are integrable, i.e., arise from genuine variations through harmonic maps. If they are, and the manifolds are real analytic, the space of harmonic maps between them is a smooth (in fact, real-analytic) manifold with tangent spaces given by the Jacobi fields; we also gain some information on the structure of the singular set of weakly harmonic maps. We shall outline what is known about integrability.
Harmonic morphisms are less well known -these are mappings between Riemannian manifolds which preserve Laplace's equation. They can be characterized as harmonic maps which enjoy an extra property called horizontal (weak) conformality or semiconformality. We shall give a brief introduction to the theory, and consider what is known about their infinitesimal deformations. This paper is dedicated to Dmitri Alekseevsky on the occasion of his 65th birthday. I hope that it reminds him of happy times at "Yorkshire Differential Geometry Days" which took place four times a year at the Universities of Hull, Leeds and York, with the support of the London Mathematical Society.
Harmonic Maps and Their Infinitesimal Deformations

Harmonic maps and the first variation
Throughout this paper, M = (M, g) and N = (N, h) will denote (smooth) Riemannian manifolds without boundary of arbitrary (finite) dimensions m and n, respectively. We define harmonic maps as the solution to a variational problem as follows.
Let ϕ : (M, g) → (N, h) be a smooth map. For simplicity, we shall assume that M is compact. The energy or Dirichlet integral of ϕ is defined by
where ω g is the volume measure on M defined by the metric g, and |dϕ| is the Hilbert-Schmidt norm of dϕ given at each point x ∈ M by
where {e i } is an orthonormal basis for T x M . In local coordinates ( By a smooth (one-parameter) variation Φ = {ϕ t } of ϕ we mean a smooth map Φ : M × (− , ) → N , Φ(x, t) = ϕ t (x), where > 0 and ϕ 0 = ϕ. A smooth map ϕ : (M, g) → (N, h) is called harmonic if it is an extremal of the energy integral, i.e., for all smooth one-parameter variations {ϕ t } of ϕ, the first variation
is zero. We compute [20, 23, 62, 68] :
Here v denotes the variation vector field of {ϕ t } defined by v = ∂ϕ t /∂t| t=0 , and τ (ϕ) is called the tension field of ϕ. These are both vector fields along ϕ, i.e., sections of the pull-back bundle ϕ 
or, in local coordinates,
(The sign convention for this and other Laplacians is that of Eells and Lemaire [20] .) Note that τ (ϕ) can be interpreted as the negative of the gradient at ϕ of the energy functional E on a suitable space of mappings, i.e., it points in the direction in which E decreases most rapidly [19, Sec. 3.5] . In local coordinates, the harmonic equation τ (ϕ) = 0 is a semilinear elliptic system of partial differential equations. There are general existence theorems for harmonic maps with small range, or into manifolds of non-positive curvature, but not for maps into more general manifolds, see [19, 21] .
Examples of harmonic maps
We list some well-known examples of harmonic maps to which we shall refer in our discussion of Jacobi fields. See [20, 23, 62, 68] [23] . Indeed, when M is compact, the energy integral decomposes into
where
Here ∂ϕ (resp. ∂ϕ) denotes the (1, 0) (resp. (0, 1)) part of dϕ; this vanishes precisely when ϕ is antiholomorphic (resp. holomorphic). Now, from the fact that the fundamental (Kähler) 2-forms Ω M and Ω N on M and N are closed, the difference
is a homotopy invariant [40] , i.e., is unchanged when ϕ is deformed. It follows that a holomorphic or antiholomorphic map gives an absolute minimum of the energy within its homotopy class, and so is certainly harmonic. (In this argument, it suffices to have M cosymplectic (semi-Kähler) and N almost Kähler.) An alternative argument writing the tension field in a "complex" way, shows, more generally, that if M is again cosymplectic, but not necessarily compact, and N is (1, 2)-symplectic (quasi-Kähler), any holomorphic map is harmonic, though not necessarily of minimum energy; see [3, 49] [31] show that, in suitable coordinates, the branch points have the form
Note also that the energy of a weakly conformal map from a compact surface is equal to its area, where the area of a smooth map ϕ : (M 2 , g) → (N, h) from a compact surface is defined by Harmonic maps from S 2 to CP n are particularly easy to describe: they are all either (i) ±-holomorphic (i.e., holomorphic or antiholomorphic), or (ii) obtained from a holomorphic map by up to n−1 applications of a certain ∂ -Gauss transform, see [10, 24] . Considering RP n as a totally geodesic submanifold of CP n , Calabi's case [11, 12] of harmonic maps from S 2 to RP n (or, equivalently, to S n ) appears as a special case. These harmonic maps can be interpreted as the projections of suitable holomorphic maps into twistor spaces over the codomain, and this twistorial construction has been generalized to give harmonic maps into (inner) symmetric spaces, see, for example, [8, 9, 14, 21] . In turn, twistorial constructions are special cases of integrable systems constructions where harmonic maps appear as projections of suitable holomorphic maps into loop spaces, see, for example, [7, 17, 27, 30] .
8. Weakly conformal maps between surfaces are harmonic; this is a special case of both of the last two examples, since such a map is trivially a minimal branched immersion, and a map between oriented surfaces is weakly conformal if and only if it is holomorphic or antiholomorphic (with respect to the canonical Kähler structures J M and J N on the surfaces given by rotation by +π/2 on each tangent space). In particular, the harmonic maps from the 2-sphere to an oriented surface N are precisely the ±-holomorphic maps; it follows that N = S 2 . 9. Harmonic maps to manifolds of non-positive curvature. Let (M, g) be compact, and let (N, h) be complete, with all sectional curvatures non-positive -we write this as Riem(N ) ≤ 0.
(i) Concerning existence of harmonic maps, Eells and Sampson [23] showed that, if (N, h) is compact or satisfies a suitable growth condition, any continuous map ϕ 0 can be deformed to a harmonic map, thus every homotopy class of mappings contains a harmonic map -this map is, in fact, of absolute minimum energy within its homotopy class. The method is to deform the map in the direction of its negative gradient; since that is given by the tension field, this amounts to solving the heat equation for harmonic maps: ∂ϕ t /∂t = τ (ϕ t ) (t ∈ [0, ∞)). Estimates which follow from the non-positive curvature show that, as t → ∞, ϕ t converges to a map which is necessarily harmonic.
(ii) Concerning uniqueness, Hartman [33] shows that any two homotopic harmonic maps are smoothly homotopic through harmonic maps. Further, given a harmonic map ϕ : (M, g) → (N, h), if Riem(N ) < 0 (i.e., the Riemannian sectional curvatures are strictly negative) at some point of ϕ(M ), there is no other harmonic map homotopic to ϕ, unless max rank dϕ ≤ 1. If this holds, then [50] either (a) ϕ is constant, in which case the homotopic harmonic maps are precisely the constant maps, or (b) ϕ has image a closed geodesic, in which case the homotopic harmonic maps are precisely those obtained by postcomposing the map with a rotation of the closed geodesic. (We do not need N complete for this last result.) 10 . Harmonic morphisms are harmonic maps, see Sec. 3.
Second variation of a harmonic map
Let ϕ : (M, g) → (N, h) be a harmonic map; again, for simplicity, assume that M is compact. Let {ϕ t,s } be a smooth two-parameter variation of ϕ, i.e., a smooth map
with > 0 and
e., v and w are vector fields along ϕ. Then the number
depends only on v and w, and defines a symmetric bilinear function on
called the Hessian of ϕ. Then [3, 20, 22, 42, 55, 62, 68 ]
Here, ∆ ϕ denotes the Laplacian on sections of ϕ −1 T N given by
where {e i } is a (local) orthonormal frame (on M ) -the sign convention for this and for the curvature tensor are as in [20] -and Ric ϕ is the Ricci operator on
is called the Jacobi (differential) equation and its solutions, i.e., vector fields v along ϕ which are in ker J ϕ , are called Jacobi fields along ϕ, or [47] infinitesimal harmonic deformations (of ϕ); for Jacobi fields along the identity map, see Sec. 2.5.
The notion of Jacobi field makes sense whether M is compact or not; however, when M is compact, by the general theory of elliptic operators (see [42] ), the space ker J ϕ of Jacobi fields is finite dimensional, its dimension is called the nullity of ϕ.
More generally, we say that v ∈ Γ(ϕ −1 T N) is an eigenvector of J ϕ with eigen-
Then, again with M compact, the eigenvalues are discrete, bounded below and form a sequence λ 1 < λ 2 < · · · with λ k → ∞ as k → ∞, and the corresponding eigenspaces are finite dimensional. In particular, the direct sum of the eigenspaces corresponding to the negative eigenvalues is finite dimensional; this direct sum is the largest subspace on which the Hessian is negative definite. Its dimension is called the index of ϕ. If ϕ has zero index, equivalently, 
equivalently, we have a Taylor series
In particular, v is a Jacobi field along ϕ if and only if the tension field of ϕ t is zero to first order in the sense that
Equation (18) follows by direct calculation of the right-hand side, or, when M is compact, from formula (13), see, for example, [37, Proposition 1.1].
Thus, if we deform a harmonic map in the direction of a Jacobi field, it stays harmonic to first order in the sense of Eq. (20) . Equation (19) says that, up to a sign convention, the Jacobi operator J ϕ is the linearization (at ϕ) of the tension field operator τ .
Corollary 2. If ϕ t is a one-parameter family of harmonic maps with
Thus a "genuine" deformation of a harmonic map through harmonic maps produces a Jacobi field; in Sec. 2.6 we discuss when the converse is true. 
Some examples of Jacobi fields
We now describe the Jacobi fields along various classes of harmonic maps ϕ : 
is antisymmetric. Now, given a smooth map ϕ :
Then, if ϕ is harmonic and U or V is a Killing field, v is a Jacobi field along ϕ. Indeed, integrating U or V gives a one-parameter family of isometries, and composing an isometry on the domain or codomain with ϕ preserves its harmonicity.
Parallel vector fields. A vector field
Clearly, parallel vector fields are Killing, and so give Jacobi fields along any harmonic map as in the last paragraph.
Maps to a Euclidean space. A vector field
n is Jacobi if and only if each component is harmonic, i.e.,
where U is the unit tangent vector field to γ. Thus the concept of Jacobi field along a harmonic map includes the usual notion of Jacobi field along a geodesic, as in, for example, [4, Sec. 1J]. 
When ϕ is the identity map
where now W = T * M ⊗ T M. The Hodge Laplacian ∆ H (acting on vector fields via the musical isomorphism T N ∼ = T * N ) is related to the rough Laplacian ∆ T M by the formula (see, for example, [70] ):
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Hence the Jacobi operator can be written in terms of the Hodge Laplacian as
This formula was used by Yano and Nagano [70] who studied Jacobi fields along the identity map under the name geodesic vector fields. Jacobi fields along the identity map have also been studied by Dodson et al. [15] , under the name 1-harmonicKilling fields, and by Stepanov and Shandra [56] , under the name infinitesimal harmonic transformations.
b When M is a complex manifold, see [16, 56] .
From this we see that eigenvectors of the Hodge Laplacian ∆ H with eigenvalue 2c give Jacobi fields along the identity map of (M, g), so that, the nullity of the identity map is equal to the multiplicity of 2c as an eigenvalue of ∆ H ; similarly, the index of the identity map is the number of eigenvalues of ∆ H (counted according to multiplicity) which are less than 2c. Using a Hodge decomposition these eigenvectors can be related to eigenvectors of the Laplacian ∆ M on functions, and it follows [54, 55] , so that the multiplicity of λ 1 is m + 1. Hence by the last paragraph [55] ,
See also Example 10 in Sec. 2.5. 
On a surface, conformal vector fields are locally holomorphic vector fields. Hence, by the last item, conformal vector fields on a surface (M, g) give Jacobi fields along the identity map. More generally, a conformal vector field along any conformal diffeomorphism of (M, g) is a Jacobi field [54] . See [67] for a discussion of conformal vector fields along weakly conformal maps from surfaces to higher-dimensional manifolds.
In contrast, conformal vector fields v on a compact Riemannian manifold of dimension ≥ 3 which are not Killing fields give H Id (v, v) < 0, see Theorem 9.
11. Harmonic variations. Let ϕ : (M, g) → (N, h) be a harmonic map. A vector field v along ϕ is said to be a harmonic variation if ϕ t = exp(tv) is harmonic for all t ∈ R. Note that this 1-parameter family has ϕ 0 = ϕ and variation vector field ∂ϕ t /∂t| t=0 = v. Hence, by Corollary 2, a harmonic variation is a special sort of Jacobi field. Tóth has studied harmonic variations and, in particular [58] , gives conditions under which all harmonic variations of ϕ arise from infinitesimal (resp. local) isometries, in which case ϕ is called infinitesimally (resp. locally) rigid.
Some general results on Jacobi fields
Let ϕ : (M, g) → (N, h) be a harmonic map and v a vector field along it. When M is compact, many results can be obtained by integral formulas often obtained by integration by parts. For example, we can write the Hessian (12), (13) (with w = v) as
For a quadratic form Q such as Ric ϕ or Ric N , write Q ≤ 0 (resp. Q < 0) to mean that Q is negative semi-definite (resp. negative definite). Noting that Riem(N ) ≤ 0 ⇒ Ric ϕ ≤ 0 (but Riem(N ) < 0 ⇒ Ric ϕ < 0), we have the following consequences of (30) (see Sec. 2.2 item 9 for the statements on ϕ in (iv)). 
where {Z i } is any orthornormal basis for T 0,1 M . From Eq. (31) we deduce the following converse to item 9 of Sec. 2.4. We next mention an interpretation by Ferreira [26] of Jacobi fields as harmonic maps. 
. Then v is a harmonic map if and only if ϕ is harmonic and v is a Jacobi field along it.
Here h c denotes the complete lift metric associated to h (see [26] 
From this we deduce the following result of Yano (see [54, 69] ) -the "only if" part is clear from Sec. 2.4, item 3 and the definition of divergence.
Proposition 8. A vector field v on a compact Riemannian manifold is Killing if and only if it is a divergence-free Jacobi field.
If now v is a conformal vector field, Eq. (32) reads
This is negative if m ≥ 3 and div v = 0. Now the space of Killing fields i is a subspace of the space c of conformal vector fields; further a conformal vector field is Killing if and only if it has zero divergence. We deduce [55, Proposition 2.6]
Theorem 9. The index of the identity map of a compact manifold of dimension at least 3 satisfies
Example 10. For the m-sphere S m (m ≥ 3), the space of conformal vector fields orthogonal to i (in an L 2 sense) is spanned by the gradients of the coordinate functions, so that c/i has dimension m + 1. Comparing with Eq. (27) , we see that we have equality in (34) for the sphere, that is, the conformal vector fields account for all the negative variations.
For a further interpretation of Jacobi fields along the identity, recall that a (0, 2)-tensor on a Riemannian manifold (M, g) is called harmonic [29] if it has vanishing divergence.
Theorem 11 [56]. A vector field v on (M, g) is a Jacobi field along the identity if and only if L v g −(div v)g is a harmonic tensor.
For various bounds on the index and nullity of a harmonic maps, see [59, 61, 62] , and Secs. 2.7 and 2.8. For more results on Jacobi fields and related types of vector fields, see [15, 16, 47, 56, 70] ; for composition properties, see Sec. 3.3 and [6].
Integrability of Jacobi fields
Definition 12. A Jacobi field v along a harmonic map ϕ : (M, g) → (N, h) is said to be integrable if there is a one-parameter family {ϕ t } of harmonic maps from (M, g
) to (N, h) with ϕ 0 = ϕ and ∂ϕ t /∂t| t=0 = v.
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Thus a Jacobi field is called integrable if it arises from a genuine deformation through harmonic maps.
Question. For what harmonic maps ϕ : (M, g) → (N, h) are all Jacobi fields along ϕ integrable? Note that Smith [55] Second, let ϕ : (M, g) → (N, h) be an energy-minimizing (weakly) harmonic map between real-analytic Riemannian manifolds. Then (a) when all the Jacobi fields along harmonic maps from S 2 to N are integrable, Simon [52, 53] obtains information on its singular set ; (b) when all the Jacobi fields along harmonic maps from S m−1 to N are integrable (where m = dim M ), Adams and Simon [1] and Gulliver and White [32] give information on the rate of blowing up near the singular set, see [37] for some more details.
Given that the Jacobi operator is the linearization of the tension field operator (up to sign), it might be expected that, at least when (M, g) and (N, h) are real analytic and, in the neighborhood of a particular harmonic map ϕ, the space Harm(M, N ) of harmonic maps from M to N is a finite-dimensional real-analytic manifold, then its tangent space at ϕ would be given by the Jacobi fields along ϕ. However, this is not always the case as shown by part (iii) of the next example (due to Algrem and others).
Example 14 [Integrable and non-integrable Jacobi fields]. Let M = S
1 and let N be the surface in R 3 obtained by revolving a curve y = f (x) around the
then ϕ defines a closed geodesic and so a harmonic map. It is easy to see that the space ker J ϕ of Jacobi fields is spanned by the unit tangent and unit normal vector fields along ϕ, and so is two-dimensional. Any Jacobi field v is integrable: just deform ϕ by rotating it and translating in the normal direction by amounts determined by the tangential and normal parts of v; we see that the component of Harm(M, N ) which contains ϕ is the two-dimensional manifold S 1 ×S 1 ; its tangent space at ϕ is the space of Jacobi fields ker J ϕ .
(ii) If f (x) = 1 + sin 2 x, then the formula (35) (14) is zero; hence the space of Jacobi fields ker J ϕ is two-dimensional with basis given by the unit tangent and unit normal vector fields. Any multiple of the unit tangent vector field is integrable as before, but other Jacobi fields are not integrable as there are no other closed geodesics close to ϕ. The component of Harm(M, N ) containing ϕ is thus a one-dimensional manifold with tangent space at ϕ strictly smaller than the two-dimensional space of Jacobi fields ker J ϕ . In all three cases, f has been chosen to be periodic so that the surfaces can be closed up to give compact surfaces diffeomorphic to the torus, without changing the above analysis.
Note that, by general results of Leung [39] (see also [37, Sec. 7] ), Jacobi fields are always integrable locally; the non-integrability in (iii) above is because no geodesic close to ϕ "closes up" to give a closed geodesic.
Cases where all Jacobi fields are integrable
We list some cases where all Jacobi fields are integrable.
1. Constant mappings. When M is compact and ϕ is a constant map, then, from the first item of Sec. 2.4, any Jacobi field v is constant. It is integrable since we can find a one-parameter family of constant mappings with variation vector field v.
2. Maps into flat spaces. When (N, h) = R n with its standard metric, any Jacobi field v along a harmonic map ϕ is integrable; indeed, setting ϕ t = ϕ + tv (t ∈ R) provides a 1-parameter family of harmonic maps with variation vector field v.
More generally, if (N, h) is a complete flat manifold, setting ϕ t = exp(tv) provides such a family (cf. Sec. 2.4, item 11).
3. Closed geodesics 1 [71, Theorem 2] . When M = S 1 and N is a globally symmetric space, any Jacobi field is integrable. This is proved by showing explicitly that all the Jacobi fields are restrictions of Killing fields.
4. Closed geodesics 2 [4, Sec. 2B] When M = S 1 and N is a manifold all of whose geodesics are closed and of the same length, any Jacobi field is integrable. This is proved by noting that local integrability gives geodesic segments on N ; when prolonged these must close up.
5. Negative curvature. When M and N are compact, (N, h) has negative sectional curvatures, and ϕ : (M, g) → (N, h) is a harmonic map with max rank dϕ ≤ 1, then the Jacobi fields are described by Proposition 3 part (iv); we see from that description that they are all integrable.
6. Locally symmetric space [57] . When M and N are compact and (N, h) is a locally symmetric space with non-positive sectional curvatures, then, by Proposition 3(ii), all Jacobi fields along a harmonic map ϕ : (M, g) → (N, h) must be parallel. Further, the exponential map restricted to the Jacobi fields along ϕ gives charts for the space of harmonic maps near ϕ showing explicitly that it is a smooth manifold with tangent space given by the space of Jacobi fields.
7. Maps between 2-spheres [32] . When M = N = S 2 = CP 1 , by item 8 of Sec. 2.2, every harmonic map ϕ is holomorphic or antiholomorphic. Without loss of generality, assume that it is holomorphic; then, on identifying S 2 with the extended complex plane C ∪ {∞}, holomorphic maps are precisely those maps given by rational functions of the complex variable z ∈ C ∪ {∞}. By Proposition 5, every Jacobi field v along a holomorphic map is holomorphic and so is also given by a rational function of z. We can then explicitly find a 1-parameter variation of ϕ through rational functions with variation vector field v.
8. Holomorphic diffeomorphisms. When ϕ : M → N is a holomorphic diffeomorphism between compact Kähler manifolds, any Jacobi field along it is integrable. Indeed, by Proposition 5, it is holomorphic along ϕ; since ϕ is a holomorphic diffeomorphism, this means it defines a holomorphic vector field on N . Integrating this gives a family of holomorphic diffeomorphisms; these are harmonic maps by Sec. 2.2, item 6.
In particular [54, Theorem 5.4.4] when M and N are compact surfaces and ϕ : M → N a conformal diffeomorphism, then, any Jacobi field v along it is integrable. Indeed, by Corollary 6, v is conformal. Then integrating it gives a family of conformal diffeomorphisms; these are harmonic by Sec. 2.2, item 8. Alternatively, by passing to double covers if necessary, we can assume that M and N are oriented and that ϕ is orientation preserving; it is then a holomorphic diffeomorphism so that we can apply the argument of the last paragraph.
9. Two-spheres in CP 2 [37] . When M = S 2 and N = CP 2 , as in item 7 of Sec. 2.2, each harmonic map ϕ is ±-holomorphic, or is obtained from a (full) holomorphic map f : S 2 → CP 2 by taking the (∂ )-Gauss transform. This is an algebraic procedure on the space of holomorphic maps which is not always continuous in the presence of branch points of f . Given a Jacobi field v along ϕ, we use the differential of the inverse Gauss transform to give a holomorphic vector field along f away from the branch points, then the low dimensions allow us to show that it (i) extends over the branch points, and (ii) can be integrated to give a family of holomorphic maps on which the Gauss transform is smooth; applying that transform gives a family of harmonic maps with variation vector field v.
As a consequence, each component of Harm(S 2 , CP 2 ) is a smooth manifold with tangent space given by the Jacobi fields. In fact, the components Harm d,E (S 2 , CP 2 ) of Harm(S 2 , CP 2 ) are indexed by two integers: the degree d and the normalized energy E (so that the energy of ϕ = area of ϕ = 4πE for any
2 ) is 6E + 4 if E = |d| (in which case it consists of holomorphic or antiholomorphic maps), and 2E + 8 otherwise, see also [36] .
10. Immersed two-spheres in S 4 . Verdier [64] showed that the component of the space of full harmonic maps from S 2 to S 4 of energy 4πd is a complex algebraic variety of pure (complex) dimension 2d + 4; results of Montiel and Urbano (see Sec. 2.9) show that the space of Jacobi fields along an immersive full harmonic map S 2 → S 4 of area 4πd has this same dimension. We deduce that all Jacobi fields along an immersive full harmonic map from S 2 to S 4 are integrable. See item 3 of the next section for the case of arbitrary harmonic maps from S 2 to S 4 . 11. Harmonic-Killing fields. Recall that Dodson et al. [15] call a Jacobi field v along the identity a 1-harmonic-Killing field. They call v harmonic-Killing if it integrates to give a local 1-parameter group of harmonic diffeomorphisms. In particular, a harmonic-Killing field is integrable. However, the converse is false, for example, the vector field v on R 2 defined by
is clearly Jacobi and integrable, as in item 4 of Sec. Any holomorphic vector field is harmonic-Killing, as it integrates to a local 1-parameter family of holomorphic diffeomorphisms.
As in item 7, any conformal vector field on a surface is harmonic-Killing. 12. Harmonic variations are integrable -this is immediate from their definition.
Cases where not all Jacobi fields are integrable
In constrast to the last section, we list some cases where not all Jacobi fields are integrable.
Surfaces of revolution (Algrem and others)
. When M = S 1 and N is a surface of revolution with R = 0 along a geodesic of revolution and R < 0 elsewhere, the unit normal field is a non-integrable Jacobi field; see Example 14. Note that if (M, g) and (N, h) are real-analytic Riemannian manifolds, and (N, h) has non-positive sectional curvatures, Schoen and Yau [51] show that any component of the space of harmonic maps is parametrized by a compact manifold N 0 . Precisely, for any harmonic map ϕ :
(i) the component of Harm(M, N ) containing ϕ is {ϕ t : t ∈ N 0 } , (ii) for any p ∈ M , the map Φ| {p}×N0 is an isometric immersion onto a totally geodesic submanifold.
By Proposition 3, all Jacobi fields along ϕ are parallel. Despite this, the example of Algrem et al. shows that there may be non-integrable Jacobi fields along ϕ. 
Infinitesimal Deformations of Harmonic Maps and Morphisms 949
2. Clifford Tori [46] . Let M = S 3. Two-spheres in S n [38] . Let M = S 2 and N = S n (n ≥ 4). There are oneparameter families {ϕ t } of harmonic maps from S 2 to N which are full for t = 0 but "collapse" to a non-full harmonic map ϕ 0 when t = 0, and there are non-integrable Jacobi fields along such maps ϕ 0 .
Note that any harmonic map from S 2 to S n has image in a totally geodesic S 2k for some k; also the components of the space of full harmonic maps from S 2 to S 2k are indexed by the normalized energy d. Fernández [25] has shown that the component of full harmonic maps from S 2 to S 2k of normalized energy d is a complex algebraic variety of pure (complex) dimension 2d+k 2 ; this was a conjecture of Bolton and Woodward [5] .
Jacobi fields for the area functional
As in item 4 of Sec. 2.2, any harmonic map ϕ : S 2 → N is weakly conformal, and hence is precisely the same as a minimal branched immersion of S 2 in N . The question of integrability of Jacobi fields can therefore be asked in the setting of the second variation of the area A as defined by (10), rather than of the energy E. It has been shown by Ejiri and Micallef (private communication) that for any harmonic map ϕ : S 2 → N , the map v → the normal component of v is a surjective linear map from the space of E-Jacobi fields (i.e., Jacobi fields for the energy) to the space of A-Jacobi fields, with kernel the tangential conformal fields. The result in item 8 of Sec. 2.7 translates immediately to show that each A-Jacobi field along a minimal branched immersion ϕ : S 2 → CP 2 is integrable. Further, in the case of immersions, the space of tangential conformal fields is six-dimensional, so that item 8 of Sec. 2.7 implies that the A-nullity of ϕ (i.e., the dimension of the space of A-Jacobi fields) for a non-±-holomorphic harmonic immersion of S 2 in CP 2 with energy 4πE is 2E + 2. This was proved in the framework of minimal surfaces by Montiel and Urbano [45, Corollary 8] , using a different method that does not seem to extend easily to branched immersions. In fact, Montiel and Urbano provide formulas and estimates for the nullity and index of the area functional of "superminimal" surfaces in self-dual Einstein 4-manifolds N 4 . For the case of full minimal immersions of S 2 in S 4 of area 4πd (these are automatically superminimal), the A-nullity is 4d + 2, so that the space of Jacobi fields for the energy has real dimension 4d + 8. As remarked in item 10 of Sec. 2.7, this shows that all such Jacobi fields are integrable.
Harmonic Morphisms
Horizontally weakly conformal maps
We now consider harmonic morphisms and Jacobi fields along them. Harmonic morphisms form a special class of harmonic maps; to describe that class, we need the following notion which is dual to that of weak conformality. 
in which case we call p a regular point.
Set λ = 0 at critical points; then λ : M → [0, ∞) is a continuous function called the dilation of ϕ ; note that λ 2 is smooth since it equals |dϕ| 2 /n. The term "weakly" is often missed out, especially if ϕ has no critical points, equivalently, is a submersion.
At regular points, a horizontally weakly conformal map preserves angles between horizontal vectors. There are many equivalent ways to write the definition, see [3, Lemma 2.4.4].
Definition and characterization of harmonic morphisms
A harmonic morphism is a map which preserves Laplace's equation, more precisely: We remark that the notion of harmonic morphism can be defined in the general setting of Brelot harmonic spaces [13] : these are topological spaces where the notion of "harmonic function" is defined axiomatically; they include Riemannian polyhedra [18] , metric graphs [63] and Weyl spaces [41] .
Infinitesimal Deformations of Harmonic Maps and Morphisms 951
Fuglede [28] and Ishihara [34] independently gave the following characterization. 4. Compositions. The composition of two harmonic morphisms is a harmonic morphism. The composition of a harmonic morphism ϕ : (M, g) → (N, h) and a harmonic map ψ : (N, h) → (P, k) to another Riemannian manifold is a harmonic map.
To find more examples of harmonic morphisms, we note the following fundamental equation of Baird and Eells for the tension field of a horizontally weakly conformal map [2] . 
where µ V denotes the mean curvature of the fibers. Thus ϕ is harmonic, and so a harmonic morphism, if and ony if, at regular points,
Here H(grad ln λ) denotes the orthogonal projection of the gradient of the function ln λ onto the horizontal distribution H. given by x → x/|x| is a horizontally homothetic harmonic morphism for any m ∈ {1, 2, . . .}.
Harmonic morphisms and the Jacobi equation
Harmonic morphisms preserve the Jacobi equation along harmonic maps in the following sense; this can be regarded as an infinitesimal version of item 4 of the last section. If the identity map of N is stable and ϕ is the natural projection of a Riemannian product F × N → N , or, more generally, a Riemannian submersion with totally geodesic fibers and integrable horizontal distribution, then from [44] these inequalities are equalities; thus index(ϕ) = 0 and nullity(ϕ) = nullity(Id N ). This is not true without the integrability of the horizontal distribution, for example, the index and nullity of the Hopf map S 3 → S 2 are 4 and 8, respectively [60] , while the index and nullity of the identity map of S 2 are 0 and 6, respectively, as in (27) and (28) .
See [44] for an application of Theorem 19 to rigidity of harmonic morphisms, in the sense of item 11 of Sec. 2.4.
We finish with an example of Smith [55] .
Example 21. Let N be a compact Riemannian manifold with index (Id N ) > 0 and let F be a compact Riemannian manifold of dimension at least 1. Let π : F ×N → N be the natural projection from the Riemannian product; note that this is a harmonic morphism. Consider vector fields along π of the form
where V is a vector field on N and f a function on F . Then we easily calculate
Hence, if f is an eigenvector of (the Laplacian on) F with non-zero eigenvalue λ (necessarily positive) and V is an eigenvector of the Jacobi operator J Id with eigenvalue µ, then v is an eigenvector of J π with eigenvalue λ + µ. Choose V with µ < 0. Multiplying the metric of F by a constant multiplies each eigenvalue λ by that constant, so that we can arrange that λ + µ be negative or zero. Smith deduces that the index of π can be made arbitrarily large; the nullity can simultaneously be made arbitrary large, provided the multiplicities m(λ k ) of the spectrum on F satisfy lim k→∞ m(λ k ) = ∞.
Example 22 [55] . Set N = S n (n ≥ 3) and F = S p (p ≥ 2). Take V to be a conformal vector field on S n ; then it is an eigenvector of J Id with a negative eigenvalue µ. Take f to be a harmonic homogeneous polynomial on S p ; this is an eigenfunction of ∆ F with positive eigenvalue. Since the condition above on the spectrum is satisfied, by suitably scaling the metric on F , we can give π as large an index, and simultaneously, as large a nullity, as we please.
Smith comments that this simple map π is thus "completely pathological from the standpoint of Morse theory."
For more results on the second variation of harmonic morphisms, see [43; 3, Sec. 4.8] . For some more results on pulling back of infinitesimal variations, see [47] .
A Riemannian foliation with minimal fibers is called a harmonic foliation; its local projections are harmonic maps, in fact, harmonic morphisms by item 5 of Sec. 3.2. We then have a notion of transversal Jacobi field. For results on such fields, see, for example, [35] .
There are many open questions on Jacobi fields along harmonic morphisms, for example, (i) when does a Jacobi field along a harmonic morphism ϕ preserve horizontal conformality, and thus the harmonic morphism property, to first order? (ii) If a Jacobi field v has this property and is integrable, when is it integrable through harmonic morphisms, i.e, when is there a 1-parameter variation of ϕ through harmonic morphisms with variation vector field v? As a first example, by item 6 of Sec. 2.7 and item 2 of Sec. 3.2, any Jacobi field along a harmonic morphism from S 2 to S 2 is integrable through harmonic morphisms.
